Abstract. Let M be an n-dimensional d-bounded Stein manifold M , i.e., a complex n-dimensional manifold M admitting a smooth strictly plurisubharmonic exhaustion ρ and endowed with the Kähler metric whose fundamental form is ω = i∂∂ρ, such that i∂ρ has bounded L ∞ norm. We prove a vanishing result for W 1,2 harmonic forms with respect to the Bott-Chern Laplacian on M .
Introduction
Let M be an n-dimensional complex manifold endowed with a Hermitian metric g. Then, on the space of (p, q)-forms on M there are defined several self-adjoint elliptic differential operators of order two, as the Dolbeault Laplacian ∆ Furthermore, if the Hermitian metric g is also Kähler on the compact complex manifold M , then according to the ellipticity, the kernels of such differential operators are finite dimensional and, as a consequence of Kähler identities, they coincide. For a complex non compact manifold M , one can consider smooth L 2 forms and study the space of L 2 harmonic (p, q)-forms for the above Laplacians. In [3] , the space of L 2 harmonic forms with respect to the Dolbeault Laplacian ∆ g ∂ on a bounded strictly pseudoconvex domain Ω in C n with smooth boundary, endowed with the Bergman metric, is studied. Precisely, denoting by H = ∞ if p + q = n.
In [8] Ohsawa proved that the dimension of the middle L 2 ∂-cohomology of a domain in a complex manifold, admitting a non-degenerate regular boundary point and whose defining function satisfies some suitable assumptions, is infinite dimensional. Later, Gromov in [4] introduced the notion of Kähler hyperbolicity showing that, if X is a Kähler complete simply-connected manifold whose Kähler form ω is dbounded, admitting a uniform discrete subgroup of isometries, then
In the present paper we are interested in studying the space of L 2 (p, q)-harmonic forms with respect to the Bott-Chern Laplacian on Hermitian complete manifolds. More precisely, we consider a d-bounded Stein manifold M , i.e., a complex ndimensional manifold M admitting a smooth strictly plurisubharmonic exhaustion ρ and endowed with the Kähler metric whose fundamental form is ω = i∂∂ρ, such that i∂ρ has bounded L ∞ norm; examples of such manifolds are bounded strictly pseudoconvex domains in C n with smooth boundary, endowed with the Bergman metric (see [2] [5] . Thanks to elliptic regularity, we consider only L 2 forms that are also smooth. It is sufficient for our results.
Preliminaries
Let M be an n-dimensional complex manifold. Denote by Ω r (M ; C), respectively 
where ∇ is the Levi-Civita connection of (M, g) and ∇ϕ g is the pointwise Hermitian norm of the covariant derivative of the (p, q)-form ϕ, induced by g on the space of complex covariant tensors on M . Define are the 4-th order elliptic self-adjoint differential operators defined respectively as (see [9, p.8 
where, as usual 
Finally, we define the space of W 1,2 Bott-Chern harmonic forms by setting H
In the sequel we will need a local expression for the operators ∂ * . To this purpose,
be the local expression of the Hermitian metric g and (gᾱ
. . , β q ) multiindices of length p, q respectively, with α 1 < ⋯ < α p and β 1 < ⋯ < β q , denote by ψ = 
In the special case that g is a Kähler metric on M , then as a consequence of the last formula, for every fixed
coordinates at x 0 , we obtain
Finally, for any given ϕ ∈ Ω p,q (M ), still using local normal holomorphic coordinates at x 0 , we have
Construction of cut-off functions in d-bounded Stein manifolds
Let M a be Stein manifold and let ρ be a strictly plurisubharmonic exhausting smooth function. Denote ω = i∂∂ρ the fundamental form with the Kähler metric g associated. We say that M is d-bounded if ω = dη and η = i∂ρ is bounded. In particular, ω is d-bounded. In the following, ρ, ω, g, η are considered fixed.
We remark that any d-bounded Stein manifold is complete, see [1, Chap.VIII, Lemma 2.4].
Examples of d-bounded Stein manifolds are bounded strictly pseudoconvex domains in C n with smooth boundary, endowed with the Bergman metric, see [2, Prop.3.4] . Now we prove the existence of cut-off functions with specific bounds on the second order derivatives on a d-bounded Stein manifold. We need the following known lemma.
Proof. Let us define φ ∶ R → R, a C ∞ function such that
Then we define
.
Note that ψ(t) = 1 iff t ≤ a and ψ(t) = 0 iff t ≥ b. After some calculations we obtain
This implies that ∃C ∈ R such that ψ 
of C ∞ functions with compact support, called cut-off functions, such that the following properties hold:
Proof. We define
where ψ is the function of the previous lemma, with a = 1.1 and b = 1.9. Let us check that the claimed properties hold. The subsets K ν are compact because of the definition of exhausting function. If
ν by continuity and
. The functions a ν are C ∞ because ψ and ρ are C ∞ . The function ψ takes values in the interval [0, 1], and so is true for a ν . Choosing a sufficiently small neighbourhood of K ν , we can assume that 2 −ν ρ < 1.1, so a ν = 1 in that neighbourhood.
In order to prove supp a ν ⊂ ○ Kν+1, let us takex ∈ supp a ν and a sequence {x k } k∈N of points in M such that a ν (x k ) > 0 ∀k ∈ N and x k →x as k → ∞. By the construction of ψ, we have that, ∀x ∈ M , a ν (x) > 0 if and only if 2 −ν ρ(x) < 1.9.
Therefore, by the continuity of ρ, 2 −ν ρ(x) ≤ 1.9, so that ρ(x) < 2 ν ⋅1.95 andx ∈ ○ Kν+1. Because supp a ν is a close set contained in a compact set, then it is compact.
Finally we have to prove the estimates on the differentials of a ν . Let x ∈ M , then
and
where the constant C is taken big enough and may not be the same at every passage of the calculations. In the last passage we used the hypothesis that ω is d-bounded and the fact that ρ is real, so ∂ρ ∂z i (x) = ∂ρ ∂z i (x) and ∂ρ(x) g = ∂ρ(x) g . By the same calculations, we also obtain the estimate of ∂a ν (x) g . Moreover,
In fact ω is d-bounded as before and ω(x) g is constant, due to the definition of the metric. The proof is complete.
Vanishing of L 2 Bott-Chern harmonic forms
Our main theorem states that the following property, true in the compact case, also holds in our non-compact case.
The following Lemma will be useful for the proof of Theorem 4.1. 
Proof. The pointwise Hermitian norm on forms is invariant under change of coordinates, so we can prove the inequalities locally with a uniform constant C. For every fixed x 0 ∈ M , denoting by (z 1 , . . . , z n ) local normal holomorphic coordinates at x 0 , we have
We can write where we set β j+q ∶= β j−1 for j = 1, . . . , q. Now we apply (1) and obtain
This yields
where C depends only on n, p, q. To prove it, we have to do some calculations. We set with α 1 , . . . , α p , β 1 , . . . , β q = 1, . . . , n, β 0 = 1, . . . , n and j = 0, . . . , q. So we have, using (2),
To prove the other inequality in (3), we want to estimate ∂ * (∂a ν ∧ * ϕ) g (x 0 ), so the calculations are analogous except for the fact that we use the following formula (see [7, p.94] ) for the Hodge star operator:
where A and B are respectively the permutations that send (1, . . . , n) in (A p , A n−p ) and in (B q , B n−q ).
Proof of Theorem 4.1. First of all, by remark 2.1, we havẽ
Thanks to the cut-off functions of the previous lemma, now we can integrate by part, using the Stokes Theorem.
Now we calculate every differential in the right sides of the inner products.
g Vol g , and
We have I 1 (ν) = I 2 (ν) and, by the monotone convergence theorem, as ν → ∞,
g Vol g . Thus, if we show that I 1 (ν) → 0 as ν → ∞, we have
Estimating I 2 (ν) , we obtain
By Lemma 4.2 there exists a constant C > 0 such that
Therefore we have
The estimates on the cut-off functions, i.e.,
and consequently
Thus ϕ is ∂-closed and ∂-closed. This implies
Now we substantially reapply the argument as above to this form of the Bott-Chern Laplacian. We have
, where
Thus we also have ∂ * ∂ * ϕ = 0. This ends the proof. 
which "extends" the characterization of the space of Bott-Chern harmonic forms on a compact Hermitian manifold to any d-bounded Stein manifold.
As a straightforward consequence of Theorem 4.1, we obtain the following is a d-closed form. Since ω = dη, if k > 0, then we get
Furthermore,
• η ∧ (dη) k−1 is bounded, since η is bounded and dη g is constant;
Moreover, if ϕ ∈ Ω and (n − p) + (n − q) < n; by the previous argument * ϕ = 0 and consequently ϕ = 0.
Summing up, we showed that H p,q d,2 = {0} for p + q ≠ n. This ends the proof. 
